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INTEGRA TION BY A UXILIAR Y INTEGRALS. 



BY WERNER A. 8TILLE, PH. D., HIGHLAND, ILL. 

[Continued from page 114.] 

We have seen that all (or nearly all) the integrals contained in the larger 
collections may be found with far less labor than by the methods of the 
books when simply employing the ordinary primitive integrals as auxilia- 
ries, in our present sense of the word. When the integration of a function, 
dv = f(x).dx, is required we take for auxiliary such primitive function du 
= f{x).dx as may appear most suitable, then we form the expression dv-^-du 
in terms of u and integrate, thus finding v in terms of u. Now, our new 
primitive integrals were devised for the purpose of eidarging the range of 
integrable functions and to facilitate the integration of functions already 
otherwise integrable. This latter remark applies also to that class of func- 
tions known as "binomial" which we have thus far only slightly touched upon 
and which by means of our method become integrable without the laborious 
process of rationalization and decomposition into partial fractions. 

When a binomial is proposed for integration it is convenient to employ 
different auxiliaries, varying with the nature of the constant quantities oc- 
curring in the proposed function. For illustration, let it be required to 
integrate 

dv = l 2 -* 5 - 1 ^. 
a; 11 

Here it is convenient to take the auxiliary 

dx . . (x 5 — 1\ 

— Tnr-i rc> .•. « = iarcsin ( — =— ): 

a>]/(2a: 5 — 1)' * V x 5 )' 

. • . -j = 1 — sin 5w ; cos 5m = —^\/(2x 5 — 1) ; 

dv 2x 5 — 1 9K 

. • . — = = cos l ou : 

du x w ' 

v = fcos 2 5udu 

the integration of which needs no further remark. Again, let it be required 

to integrate 

, dx 

~ »•(«« — i)F 
Here we take for auxiliary 

du = — —~r — ; . • . w = |arc tg \/{x* — 1); . * . x = sec 2w, 

iC]/(a; 4 — 1) 



du 
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Tcos 3 2u j 
.' . v = I . . _ du. 
J sin 2 2u ' 

which is integrable without any difficulty. 

If we wished to extend the ordinary reference-tables of integrals, so as to 

give new forms, one mode of so doing would be to write the same integrals 

contained in the tables in terms of our own variables by substituting our 

variables for x. One example of this kind will suffice. Take the well 

known integral 

/du 1 ib-\-acosu\ , ,. , 2 \ 
r-T = -77-, — r^; arcC0S [~tt )• (°> 6 -) 
a-f-o.cosw V\ a — ") \a-j-ocosw/ 

Now, putting u = — arcsin|/[(l — a; 2 )-r-(l-fa; 2 )], 

du = ^- (H^wy cosw = x ^ih' 
dv = - ^ M 



5\ 



(l+«V(l-^)[a+to > | T -i ii ] ' 
l/2. dx __ 1 



[a J /(l+a; 2 )+6a;v / 2]|/(l— a 4 ) V(a 2 — 6 2 ) 

x arc cos pVfl+^+f Vfl, 

A great variety of new forms of integrals is obtained by the substitution 
of such forms as k tg <p, 1 + k tg f , -j/(l+A tg ^>), &c. for the variable x in 
those integrals belonging to the goniometric types. Thus take the ordin- 
ary primitive form 

y = J V/(i— x~2) = aresin x > -'- x = sin y, 

and make a; — k tg f> , then 

/k,d<p _ /• 2k. df 

oo8*fi/(l— & 2 .tgV) ~~ J 1 /[(l-F)+2cos 27+(F+"l).cos 2 2pJ 
Putting cos2y> = £; . • . 2efy> = — [d<-4-]/(l — tf 2 )], we have 

y " ~/ t/(1+<V[(i-^)+^- RF+ik] = arcs in ^> 

= aresin -J k V [(1— i)-s-(l+£)] )-. 

This formula may, of course, be used as a primitive or auxiliary, and it is 
easy to develop by means of it a great number of new integrals. The sim- 
plest method again would be to express in terms of t any integral known in 
terms of y. 

Treating in the same way any of our primitive forms we arrive at the 
corresponding new forms which in their turn may be employed as auxilia- 
ries. As an example of the kind, take 
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d V = /»■ w/i i \'> .•.y = 2arotg 1 /(H-a!);.-.2+!B= 1 



(2+3)1/(1+*)' * & kv , „- , cos2 ^, 

i 1 -i |l+» 



COS : 



2+a; 
Putting x = htg(p, 

kdf k d<p 



dy = 



cosY(2+A tg (p) i/(l+ktg<p) (2cos y> +&sin ^>)i/(cos 2 +&sinf cosf) 
and this, putting cos <p = t, gives 

— fccft „ / 4/(1 — it 2 ) ,-,\A 

[2i+ v(i-i a )]i/(i-< 2 )[< 2 +^i/(i-< 2 )]^ "" aro «^— 7— +1 J 

which equation may be used as an auxiliary. 

Another fruitful method of finding new integrals is the combination of 
our elementary forms, so as to express the one in terms of the other. As 

an example take 

/• dec J II -~~ cr ^ 

' = J (i+»'MW) = _ i72 arcsin >|T+^ 

and compare it with 

2xdx 

-zV(l+a 2 ) 
do 1 1 



m = f*-— 7- — ~~ ~ ■-, — =- = arc sin of: .• ,x' z — sinw; 



' ' du, 2a;i/(l+ x 2 ) 2 1 /(sinw)i/(l+sinw)' 

/du , n . /I — sinwxi 
_. ,, . ;-^tz ; r = — v 2, arc sin ( — — -. \ z 
2j/(sin w)j/(l+srn w) \l+sinw/ 

and comparing this again with 

2 u = ^/(wf?) = - arcs ; n (i+?) 

(l+T 2 )* = ~ sin u '' ' ' ' v/ ^ in w ) =i (l+ = ?) i ' we find 

1 /. d< 

|/sJ o+ f yM.^)![.-(|=|i]' 

— i /• eft 

" ~ T^J (i-*Vl i + ^[i/(i +* 2 ) - iAi -<*)]* 

/Q . r(l + ^ — (l — ^-ii 
= -» /2 - aro8in [ a+^ + tl-^ J- _ 
A great number of new integrals are found by the differentiation of such 
equations as y — arc sin (ax y * +&#§), 

y = arcsin(aaf" Ji +6a;t), 
y = arc sin (ax~ y '-\-bx y *-\-cxl), 
&c. &g. &c. 

and then using the integrals so found as auxiliaries. 



